Linear algebra: solving systems of linear equatior
Staistcal Natural Language Processing 1
Gagn Goltekin

Ueiversty of Tabinge
S e Sprchvisanshatt.

Winter Semester 2026/2027

Quick recap

So far we reviewed:
« Vectors, matrices
+ Operations on vectors and matrices
« Dot product

+ Matrix multiplication

+ Linearity and linear combinations

Today’s lecture

+ More concepts from linear algebra
- Solving systems of inear equations
~ Vector independence, marx rank, vector spaces, span, basis
- Matrix inverse

Linearly (in)dependence

+ A setof vectors vi, va, ., v is linearly dependent, if

Qv azva ot ay

where ai, ..., an notall 0
« Ifa set of vectors are lincarly dependent any vector in the set can be written as a
linear combination of others
+ A setof vectors vi, Vi, ., vy is linearly independent, if they are not linearly
dependent
« The equation
+an,

@ a4

is true only for a; = 0,for i

Linearly (in)dependence

T
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X =@ tava ot a

the set of coefficients a1, ..., ar are unique
 What s the maximum number of independent n-vectors?

Span, basis, and vector s

spaces

+ Aset of d independent vectors are said to span a d-dimensional vector
(sub)space. For example,
1] [0] [0
o| [1] o]
o] [of 1
span the whole B3
+ Any set of vectors that span a vector space forms a basis for that vector space
« Any vectorina beexpressed asa (any

p:
of) the bass for that vector space
+ Any set of n independent n-vectors form a basis for R

Orthogonal / orthonormal vectors

+ A set of orthogonal vectors are independent
« A setof orthogonal unit vectors are called orthonormal
« If vectors v1, V2, .., vy are orthonormal, then it is easy to find any a, for

Solving systems of linear equations

X -  We want to make use of the fact
that

b al-RI-1

- Rows (equations) define lines in

+ From the second equation: x2 = 2x; — 1
« Substituting this in the second equation:

R (-1 =-1
xi-2akl=-1 . of the equation is a linear
+ Orthogonal / orthonormal vectors have some other useful / interesting. IEBCHECE L
-2 combination
properties (we wil reviitater)
xx[fenx 1] =[]
exp=2 -1 Sxp=3 2 ol U
s of lincar equations Solving systems of lincar equations

Solving syste
Geometi rpretation 1)

« The solution is the
intersection of the lines
defined by the equations

Geometric nterpretation (2)

« The solution satisfies the
linear combination of the
column vectors

Row elimination Row elimination
o V][ ey gl
<3 = kIR0
+ We apply a set of clementary row aperations to the augmented matrix to obtain an [‘ = "]
upper triangle matrix. 2
1)
2o + Add—2 % row 1 torow 2
0 =0}
+ Elementary row operations are S
- Multply one ofthe ows with a norzero scalr
2 K (o sbiract) e of e row from thar + This corresponds t:
~ Swap tworows FRE—
w - 3
where we already see x;
. \=2




A (slightly) difficult example

solution i now essy hraugh back substitution

d
, !

Visualizing solution in 3D

« Each cquation defines a plane
+ Intersection of two planesis a line in
=5

« Intersection of three planes is a point

The solution as a linear combination
2 x

1 x| =
1 X
2 2 a

2|l 2]+rf1]=
1 1 1

Can we solve this equation for any right-hand-side 3-vector?

Our earlier solution

24
21
1

10
5
4

An exercise (1)
(Try to) solve,

An exercise (2)
(Try to) solve,

Singular matrices and matrix rank

« If the elimination results in one or more rows with all zeros, the matrix is said
torbe singular
« This means - effectively - we have fewer equations than unknowns

we can find a uniqy any

« Ifasq
righthand side

« Thesy equations with a
infinite number of solutions

« The number of columns (or rows) with a pivot is called the raxk of the matrix

+ A non-singular square matrix is said to be full-rank

A two-dimensional example A two-dimensional example
Demonstration of nosolution
+ What s the rank of the following matrix? .
17 12 [u]_[1
-l bilz]-[e]
+ Canwesolve Ax = b |
1, o+ =0
- =[] 4._.<._.\_4
e [)2 - + Lines are paralll o each other: no
6] - intersection, no solution

A two-dimensional example

Demonstrtion o no solution (snother views)

A two-dimensional example

AES]
1 2] _[1 e, -
- Aazy AU B3 Racl Y i ) SRS
()] + fllnearcom
o N I N - i R I T
2| | | =izt + Lines are identical: any point on the
dotte line: no linear combination . line s solution
can produce | | =

A two-dimensional example
Demonstration of infinite numberofsltions (another view)

Inverse matrix

« Tfwe have a single linear equation with a single unknown: ax = b, the.
solution is

: 12 [x 3 x b or x=a'b

< a0 E -3 g

: x + We can use an analogous method with systems of linear equations

S 2113

2 sall]+m(2]- i Ax=b then, x=A"b

) a . 6

: trix inverseis anly defined are
P Ty = el

:: combinations that s: the + When it exists, A'A = AA~! =1

i etationYa obvious el [ 2 ] « Ifasq tofind the,

I 1 inverse

IE « More? = Crese the augmented matrix A

i  Use clemeniary ow openations to obtain 5]

IE s




Matrix inversion example/exercise Properties of matrix inverse
Invertthe following matrix
3124
1011
2130
205

LU decomposition

. be factored
L, and an upper-triangular matrix U

A-Lu

Somties s permutation oftheorigina mates s noded
PA-lu
LU decompsition can sy becomputed fom the reslof the row
i e —

. is useful (other
linear equations, and finding the inverse of a matrix)

LU decomposition: example

example:add —1/2 ¢ R to Ry

Independence of row and column vectors

- The column (and row) vectors of a matrix is dependent f Ax
non-zero solution

hasa

+ Column (and row) vectors of a square matrix are independent if all columns
have 2 non-zero pivot after row elimination

+ Column vectors of a square matri are independent if and only if ow vectors
are also independent

+ Column vectors of a square matrix are independent f the matix has full rank.

Four spaces of a matrix

Given a matrix A,
. As the sp: by th the matrix
« Rowspace of A is the space spanned by the rows of the matrix
« Null space of A is the set of vectors x that satisfy Ax —
— Al vectorsin the null space of A are orthogonal to the rows of A
« Nullspace of AT s the set of vectors x that satisfy A™x = 0, or x"A = 0T,
~ Al vect r

+ Givenann x m matrix with rank r

. has an ~ Bothcolumn and row spaces are r dimensional
inverse = The dimension of the ull space of A s m - ©
~ The dimension of the null space of AT isn 7
[T ——— [| 3]
Four spaces of a matrix -2 6 Systems of equations with rectangular matrices
Az wide matrices (morecoumns th o)
- « This means . x m rectangular matrices with n < m,
- « Noe: the rank of such a matrix is ahways < n
oo Nt AT v -
13) 4247 10
(2= [%]
2 S ) : Ty g
{-2) « In this case we have
S ~ o soluton f rank < . (rumber of rows)
= infintely many solution i rank 1 = n
It 36)
Systems of equations with rectangular matrices Visualizing non-solution
tall mtrces (o v thm <ol (1) equation a lnc n 2 dimersions pace
« This means 1 m rectangular matrices with m < n, .
« Note: the rank of such a matrix is always < m
« Exercise: solve
42 10
22f[n]-]4 2 b
HH I HIMEE
T a3te 8
« In this case we have
-a the right hand
~ o solution otherwise
« We will work with this case more often i

Visualizing non-solution

(2) column space and the vector b

R
SRR
SRS

o z] —

subspace of ¥
(V]
+ Thevectorse | 4 | (scale o hlf
i
i the figure) 5 noton the plane
+ Weexpress wasa linear
combivaton o of u and

Summary / next

+ Solving sets of inear equations, Ax = b, is the focus of inear algebra.
« The number of solution depends on the shape and rank of the matrix A
+ Wealso touched on the conceps
~ independence of sets of vectors
vector space.

- span
~ matrix rank, column/row /null space
Next:

« Linear regression: trying to solve the unsolvable set of equations.




Further reading

Any of the linear algebra references provided earlier
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